A. The aim of this paper is to give an explicit formula for the SL 2 (C)-twisted Reidemeister torsion in the case of twist knots. For hyperbolic twist knots, we also prove that the twisted Reidemeister torsion at the holonomy representation can be expressed as a rational function evaluated at the cusp shape of the knot. Tables giving approximations of the twisted Reidemeister torsion for twist knots on some concrete examples are also enclosed.
I
Twist knots form a family of special two-bridge knots which include the trefoil knot and the figure eight knot. The knot group of a two-bridge knot has a particularly nice presentation with only two generators and a single relation. One could find our interest in this family of knots in the following facts: first, twist knots except the trefoil knot are hyperbolic; and second, twist knots are not fibered except the trefoil knot and the figure eight knot (see Remark 2 of the present paper for details).
The twisted Reidemeister torsion associated to a representation of a knot group to a general linear group over a field has been studied since the early 1990's. It was initially considered as a twisted Alexander polynomial by Lin [Lin01] , Wada [Wad94] , and later interpreted as a form of Reidemeister torsion by Kitano [Kit96] , Kirk-Livingston [KL99] and Goda-Kitano and Morifuji [GKM05] . This invariant in many cases is stronger than the classical one, for example it detects the unknot [SW06] , and decides fiberness for knots of genus one [FV07] .
In [Por97] Porti began the study of twisted Reidemeister torsion with the adjoint representation associated to an irreducible representation of a knot group to SL 2 (C). In [Dub05] , the first author introduced a sign-refined version of this torsion. In the present paper, this torsion is called the SL 2 (C)-twisted Reidemeister torsion. One can observe that this torsion has connections with hyperbolic structures, the theory of character variety, and the theory of Chern-Simons invariant, see e.g. [DK07] .
In [Dub06, Main Theorem] , one can find an "explicit" formula which gives the value of the SL 2 (C)-twisted Reidemeister torsion for fibered knots in terms of the map induced by the monodromy of the knot at the level of the character variety of the knot exterior. In particular, a practical formula of the twisted Reidemeister torsion for torus knots is presented in [Dub06, Section 6.2]. One can also find an explicit formula for the twisted Reidemeister torsion for the figure eight knot in [Dub06, Section 7] . More recently, the last author found [Yam05a, Theorem 3.1.2] an interpretation of the twisted Reidemeister torsion in terms of textcolorreda sort of twisted Alexander polynomial (called in this paper, the twisted Reidemeister torsion polynomial) and gave an explicit formula of the twisted torsion for the twist knot 5 2 .
In the present paper we give an explicit formula of the twisted Reidemeister torsion for all twist knots. Since twist knots are particular two-bridge knots, this paper is a first step in the understanding of the twisted Reidemeister torsion for two-bridge knots.
O
We recall some properties of twist knots in Section 2. In Section 3, we give a recursive description of the character variety of twist knots and an explicit formula for the cusp shape of hyperbolic twist knots. In Section 4, we recall the definition of the twisted Reidemeister torsion for a knot and an algebraic description of this invariant. We give formulas for the twisted Reidemeister torsion for twist knots in Section 5. In particular, we show in Subsection 5.3 that the twisted Reidemeister torsion for a hyperbolic twist knot at its holonomy representation is expressed by using the cusp shape of the hyperbolic structure of the knot complement. The last part of the paper (Subsection 5.5) deals with some remarks on the behavior of the sequence of twisted Reidemeister torsions for twist knots at the holonomy indexed by the number of crossings. The Appendix contains concrete examples and tables of the values of the twisted torsion for some explicit twist knots. 
T 
Notation. According to the notation of [HS04] , the twist knots are written J(±2, n), where n is an integer. The n crossings are right-handed when n > 0 and left-handed when n < 0.
n-crossings n-crossings F 1. The diagrams of J(2, n) and J(−2, n), n > 0.
Here are some important facts about twist knots.
(1) By definition, if n ∈ {0, 1} then J(2, n) and J(−2, −n) are the unknot. Also observe that J(2, −1) and J(−2, 1) are isotopic to J(−2, −2) and J(2, 2) respectively (for general cases, see below). For this reason, in all this paper, we focus on the knots J(±2, n) with |n| 2. (2) If we rotate the diagram of J(2, n) by a 90 degrees angle clockwise then we get a diagram of a rational knot in the sense of Conway. In rational knot notation, J(2, n), n > 0, is represented by the continued fraction [−2, n] = 1 −2 + 1 n = −n 2n − 1 .
Therefore in two-bridge knot notation, for n > 0, we have J(2, n) = b(2n − 1, −n) = b(2n − 1, n − 1). 2 Similarly, the knot J(2, −n), n > 0, is represented by the continued fraction [−2, −n], therefore J(2, −n) = b(2n + 1, n + 1).
On the other hand, the knot J(−2, n), n > 0, is b(2n + 1, n) and J(−2, −n), n > 0, is b(2n − 1, n). (3) Another important observation is the following:
• the twist knot J(2, n) is isotopic to J(−2, n − 1) (see [HS04] ),
• and J(−2, −n) is the mirror image of J(2, n). As a consequence, we will only consider the twist knots J(2, n), where n is an integer such that |n| 2. From now on, we adopt in the sequel the following terminology: a twist knot J(2, n) is said to be even (resp. odd) if n is even (resp. odd).
Example. Note that in Rolfsen's table [Rol90] , the trefoil knot 3 1 = J(2, 2) = b(3, 1), the figure eight knot 4 1 = J(2, −2) = b(5, 3), 5 2 = J(2, 4) and 6 1 = J(2, −4) etc.
Notation. For a knot
K in S 3 , we let E K (resp. Π(K)) denote the exterior (resp. the group) of K, i.e. E K = S 3 \ N(K), where N(K) is an open tubular neighborhood of K (resp. Π(K) = π 1 (E K )).
Convention. Suppose that S
3 is oriented. The exterior of a knot is thus oriented and we know that it is bounded by a 2-dimensional torus T 2 . This boundary inherits an orientation by the convention "the inward pointing normal vector in the last position". Let int(·, ·) be the intersection form on the boundary torus induced by its orientation. The peripheral subgroup π 1 (T 2 ) is generated by the meridian-longitude system (µ, λ) of the knot. If we suppose that the knot is oriented, then µ is oriented by the convention that the linking number of the knot with µ is +1. Next, λ is the oriented preferred longitude using the rule int(µ, λ) = +1. These orientation conventions will be used in the definition of the twisted (sign-refined) Reidemeister torsion.
Twist knots live in the more general family of two-bridge knots. The group of such a knot admits a particularly nice Wirtinger presentation with only two generators and a single relation. Such Wirtinger presentations of groups of twist knots are given in the two following facts (see for example [Rol90] or [HS04] for a proof). We distinguish even and odd cases and suppose that m ∈ Z. Fact 1. The knot group of J(2, 2m) admits the following presentation:
where w is the word [y,
Fact 2. The knot group of J(2, 2m + 1) admits the following presentation:
where w is the word [x, y
One can easily describe the peripheral-system (µ, λ) of a twist knot. It is expressed in the knot group as:
where we let ← w denote the word obtained from w by reversing the order of the letters.
Remark 1. The knot group of a two-bridge knot K admits a distinguished Wirtinger presentation of the following form:
With the above notation, for K = J(2, 2m), m ∈ Z * , the word Ω is:
, i.e. the word w is obtain from w by changing each of its letters by its reverse. Of course this choice is strictly equivalent to presentation (1). But in a sense, when m > 0 the word w m does not give a "reduced" relation (some cancelations are possible in w m xw −m y −1 ) which is not the case for the word Ω m .
Some more elementary properties of twist knots are discussed in the following remark.
Remark 2.
(1) The knot groups Π(J(2, 2m + 1)) and Π(J(2, −2m)) are isomorphic by interchanging x and y. Algebraically, it is thus enough to consider the case of even twist knots (see in particular Remark 12).
(2) The genus of a twist knot is 1 ([Ada94, p. 99]). Thus, the only torus knot which is a twist knot is the trefoil knot 3 1 . (3) Twist knots are hyperbolic knots except in the case of the trefoil knot (see [Men84] ). (4) It is well known (see for example [Rol90] ) that the Alexander polynomial of the twist knot J(2, 2m) is given by
Moreover, using the mirror image invariance of the Alexander polynomial, one has ∆ J(2,2m+1) (t) = ∆ J(2,−2m) (t). Thus the Alexander polynomial becomes monic if and only if m is ±1. As a consequence, the knot J(2, 2m) is not fibered (since its Alexander polynomial is not monic) except for m = ±1, that is to say except for the trefoil knot and the figure eight knot, which are known to be fibered knots.
F 2. The Whitehead link.
(5) Twist knot exteriors can be obtained by surgery on the trivial component of the Whitehead link W (see Figure 2 ). More precisely, E J(2,−2m) = W(1/m) is obtained by a surgery of slope 1/m on the trivial component of the Whitehead link W, see [Rol90, p. 263] for a proof. As a consequence, twist knots are all virtually fibered (a manifold M is said to be virtually fibered if there is a finite cover of M that is fibered), see [Lei02] .
3. O  SL 2 (C)-   -  3.1. Review on the SL 2 (C)-character variety of knot groups. Given a finitely generated group π, we let R(π; SL 2 (C)) = Hom(π; SL 2 (C)) denote the space of SL 2 (C)-representations of π. As usual, this space is endowed with the compact-open topology. Here π is assumed to have the discrete topology and the Lie group SL 2 (C) is endowed with the usual one. A representation ρ : π → SL 2 (C) is called abelian if ρ(π) is an abelian subgroup of SL 2 (C). A representation ρ is called reducible if there exists a proper subspace U ⊂ C 2 such that ρ(g)(U) ⊂ U, for all g ∈ π. Of course, any abelian representation is reducible (while the converse is false in general). A non reducible representation is called irreducible.
The group SL 2 (C) acts on the representation space R(π; SL 2 (C)) by conjugation, but the naive quotient R(π; SL 2 (C))/SL 2 (C) is not Hausdorff in general. Following [CS83] , we will focus on the character variety X(π) = X(π; SL 2 (C)) which is the set of characters of π. Associated to the representation ρ ∈ R(π; SL 2 (C)), its character χ ρ : π → C is defined by χ ρ (g) = tr(ρ(g)), where tr denotes the trace of matrices. In some sense X(π) is the "algebraic quotient" of R(π; SL 2 (C)) by the action by conjugation of PSL 2 (C). It is well known that R(π, SL 2 (C)) and X(π) have the structure of complex algebraic affine varieties (see [CS83] ).
Let R irr (π; SL 2 (C)) denote the subset of irreducible representations of π, and X irr (π) denote its image under the map R(π; SL 2 (C)) → X(π). Note that two irreducible representations of π in SL 2 (C) with the same character are conjugate by an element of SL 2 (C), see [CS83, Proposition 1.5.2]. Similarly, we write X nab (Π(K)) for the image of the set
) and observe that this inclusion is strict in general.
3.2. Review on the character varieties of two-bridge knots. Here we briefly review Riley's method [Ril84] for describing the non-abelian part of the representation space of two-bridge knot groups.
As mention in Remark 1, the knot group of a two-bridge knot K admits a presentation of the following form:
We use the following notation: For a two-bridge knot K, x and y are conjugate elements in Π(K) and represent meridians of the knot, therefore ρ(x) and ρ(y) have same traces. If ρ(x) and ρ(y) do not commute, i.e. if ρ is non-abelian, then up to a conjugation one can assume that ρ(x) and ρ(y) are the matrices C 1 and D 1 respectively. 
Conversely, every non-abelian representation is conjugated to a representation satisfying Equation (5).
Proof. A direct matrix computation shows that the requirement WC = DW is equivalent to the following two equations: w 1,1 = (t − 1)w 1,2 and w 2,1 = −tuw 1,2 .
The second equation is just a consequence of the fact that W is palindromic and therefore is not really a requirement at all. Indeed, using W T to denote the transpose of the matrix W, we have
where V = Notation. We let φ K (t, u) = w 1,1 + (1 − t)w 1,2 denote the left hand side of Equation (5) and call it the Riley polynomial of K.
The same proof provides a sometimes more convenient result: 
where ρ(Ω) = w 1,1 w 1,2 w 2,1 w 2,2 .
Conversely, every non-abelian representation is conjugated to a representation satisfying Equation (6).
Similarly, if ρ(x) = C 2 and ρ(y) = D 2 , then Riley's equation becomes
3.3. The holonomy representation of a hyperbolic twist knot.
3.3.1. Some generalities. It is well known that the complete hyperbolic structure of a hyperbolic knot complement determines a unique discrete faithful representation of the knot group in PSL 2 (C), called the holonomy representation. It is proved [Sha02, Proposition 1.6.1] that such a representation lifts to SL 2 (C) and determines two representations in SL 2 (C). The trace of the peripheral-system at the holonomy is ±2 because their images by the holonomy are parabolic matrices. More precisely, Calegari proved [Cal06] that the trace of the longitude at the holonomy is always −2 and the trace of the meridian at the holonomy is ±2, depending on the choice of the lift. We summarize all this in the following important fact. 
Here c = c(λ, µ) ∈ C is called the cusp shape of K.
Remark 4. The universal cover of the exterior of a hyperbolic knot is the hyperbolic 3-space H 3 . The cusp shape can be seen as the ratio of the translations of the parabolic isometries of H 3 induced by projections to PSL 2 (C). Of course, the cusp shape c = c(λ, µ) depends on the choice of the basis (µ, λ) for π 1 (T 2 ). A change in the basis of π 1 (T 2 ) shifts c by an integral Möbius transformation.
Holonomy representations of twist knots.
This subsection is concerned with the SL 2 (C)-representations which are lifts of the holonomy representation in the special case of (hyperbolic) twist knots. Especially, we want to specify the images, up to conjugation, of the group generators x and y (see the group presentation (4)).
Lemma 8. Let K be a hyperbolic two-bridge knot and suppose that its knot group admits the following presentation Π(K) = x, y | Ωx = yΩ . If ρ 0 denotes a lift in SL 2 (C) of the holonomy representation, then ρ 0 is given, up to conjugation, by
where u is a root of Riley's equation
Proof. It follows from Fact 7 that each lift of the holonomy representation maps the meridian to ± 1 1 0 1 . It is known that the lifts of the holonomy representation are irreducible SL 2 (C)-representations, in particular, non-abelian ones. Hence we can construct the SL 2 (C)-representations which are conjugate to the lifts of the holonomy representation by using roots of Riley's equation. Using Section 3.2, if x is sent to ± 1 1 0 1 then y is sent to ± 1 0 −u 1 , where u is a root of Riley's equation φ K (1, u) = 0. Notation. If we let A be an element of SL 2 (C), then the adjoint actions of A and −A are same. So, we use the SL 2 (C)-representation such that
as a lift of the holonomy representation and we improperly call it the holonomy representation.
On parabolic representations of twist knot groups.
In this subsection, we are interested in the parabolic representations of (hyperbolic) two-bridge knot groups and especially twist knot groups. The holonomy representation is one of them. Lemma 8 characterizes the holonomy representation algebraically and says that it corresponds to a root of Riley's equation φ K (1, u) = 0. A natural and interesting question is the following: which roots of Riley's equation φ K (1, u) = 0 correspond to the holonomy representation? Here we will give a geometric characterization of such roots in the case of two-bridge knots.
3.4.1. Crucial remarks. We begin this section by some elementary but important remarks on the roots of Riley's equation φ K (1, u) = 0 corresponding to holonomy representations.
(1) One can first notice that such roots are necessarily complex numbers which are not real, because the discrete and faithful representation is irreducible and not conjugate to a real representation (i.e. a representation such that the image of each element is a matrix with real entries). (2) One can also observe that holonomy representations correspond to a pair of complex conjugate roots of Riley's equation φ K (1, u) = 0 as it is easy to see.
Generalities: the case of two-bridge knots.
Let K be a hyperbolic two-bridge knot.
Suppose that a presentation of the knot group Π(K) is given as in Equation (4) by
where Ω is a word in x, y.
The longitude of K is of the form:
Here n is an integer such that the sum of the exponents in the word λ is 0 and we repeat that ← Ω denotes the word obtained from Ω by reversing the order of the letters.
Let ρ : Π(K) → SL 2 (C) be a representation such that:
where u is necessarily a root of Riley's equation
where w i, j is a polynomial in u for all i, j ∈ {1, 2}. Riley's method gives us the following identities (see Section 3.2):
w 1,1 = 0 and uw 1,2 + w 2,1 = 0.
Thus
The fact that ρ(w) ∈ SL 2 (C) further gives the following equation:
The crucial point for computing ρ(λ) is to express ρ( ← w) with the help of ρ(w). Consider the diagonal matrix:
where i stands for a square root of −1. Let Ad denote the adjoint representation of the Lie group SL 2 (C). Then the following identities hold:
Thus, we have
Next, a direct computation gives:
Combining Equations (7) and (8), we obtain
And we conclude that the cusp shape of K is (10) c = n − 2w 1,2 w 2,2 .
Remark 5. In particular, Equation (9) gives us, by an elementary and direct computation, Calegari's result [Cal06] : tr ρ 0 (λ) = −2 for the discrete faithful representation ρ 0 associated to the complete hyperbolic structure of the exterior of a (hyperbolic) two-bridge knot.
3.4.3. The special case of twist knots. In the case of hyperbolic twist knots, we can further estimate w i, j in Equation (10). In fact, we only consider the case where K = J(2, 2m) in what follows. The group Π(K) of such a knot has the following presentation:
where w is the commutator [y,
−1 ] gives:
Using the Cayley-Hamilton identity, it is easy to obtain the following recursive formula for the powers of the matrix W:
8 Equation (11) implies w 2,2 = −(u + 2)w 1,2 . Since n = 0 and uw 2 1,2 = 1, the cusp shape of the twist knot K is:
In other words, the root u 0 of Riley's equation φ K (1, u) = 0 corresponding to the holonomy representation satisfies the following equation:
where c is the cusp shape of the knot exterior.
Remark 6. Equation (12) gives a geometric characterization of the (pair of complex conjugate) roots of Riley's equation φ K (1, u) = 0 associated to the holonomy representation in terms of the cusp shape, a geometric quantity associated to each cusped hyperbolic 3-dimensional manifold.
3.5. The character varieties of twist knots: a recursive description. T. Le [Le94] gives a recursive description of the SL 2 (C)-character variety of two-bridge knots and apply it to obtain an explicit description of the SL 2 (C)-character variety of torus knots. Here we apply his method to obtain an explicit recurrent description of the SL 2 (C)-character variety of twist knots. Let n = 2m or 2m
where Ω m is a word in x, y (see Facts 1-2).
Notation. Let γ ∈ Π(J(2, n)). Following a notation introduced in [CGLS87], we let
Let a = I x , b = I xy and recall the following useful formulas for A, B, C ∈ SL 2 (C): As x and y are conjugate elements in Π(J(2, n)), we have I y = a = I x . If γ is a word in the letters x and y, then I γ can always be expressed as a polynomial function in a and b. For example, combining the usual Formulas (13), (14) and (15), one can easily observe that for w = [y,
The character variety of Π(J(2, n)) is thus parametrized by a and b. Here is a practical description of it:
(1) We first consider the abelian part of the character variety. It is easy to see that the equation a 2 − b − 2 = 0 determines the abelian part of the character variety of any knot group. (2) Next, consider the non-abelian part of the character variety of Π(J(2, n)), suppose that the length of the word Ω m is 2k + 2 (we know that the length of Ω m is even). According to [Le94, Theorem 3.3 .1], the non-abelian part of the character variety of Π(J(2, n)), for n = 2m or 2m + 1, is determined by the polynomial equation:
where
Here we adopt the following notation: if Λ is a word then Λ ′ denotes the word obtained from Λ by deleting the two end letters. Let us give the two simplest examples to illustrate this general result and find again some well-known facts.
Example 1. The trefoil knot 3 1 is the twist knot J(2, 2). With the above notation, one has Ω 1 = x −1 y −1 . Thus applying Le's method, the non-abelian part of the character variety is given by the polynomial equation:
Example 2. The figure eight knot 4 1 is the twist knot J(2, −2). With the above notation, one has Ω −1 = x −1 yxy −1 . Thus, the non-abelian part of the character variety of the group of the figure eight knot is given by the polynomial equation:
which reduces, using Equation (16), to:
Now, we turn back to the general case and only consider the twist knot J(2, 2m) (see Item (2) of Remark 2). Recall that (see Remark 1):
Here
and observe that the length of the word Ω m is 4m, if m < 0, and 4m − 2, if m > 0.
Our method is based on the fact that the word Ω m in the distinguished Wirtinger presentation (17) of Π(J(2, 2m)) presents a particularly nice "periodic" property. This property is discussed in the following obvious claim.
Claim 9. For m ∈ Z * , we have
Based on Claim 9, for m 0, we adopt the following notation:
and similarly, for m 0,
The Cayley-Hamilton identity applied to the matrix A 2 ∈ SL 2 (C) gives 
In Equation (18), using Formula (14) and Equation (16), we have:
Let v be such that:
For m ∈ Z * , we distinguish four cases to derive helpful formulas for Φ m in the case of twist knots.
• Case 1: m > 0 is even. Let m = 2l, with l > 0, and set r i = R 2i . Then
As we have supposed that v + v −1 = c(a, b) and following a standard argument in combinatorics (see e.g. [Mer03, p. 322]), we have the general formula (which can also be proved by induction) r i = Mv i + Nv −i , where M and N are determined by the initial conditions:
Further observe that:
So, we have
• Case 2: m < 0 is even. Let m = −2l, with l > 0, and set r i = R − −2i , i 0. Similar to the first case,
• Further observe that:
Thus,
• The initial conditions are
Similarly to the previous case, we have:
If we adopt the following notation:
then we summarize our computations in the following proposition. a, b) ) m∈Z is recursively defined as follows:
and for m > 1
Here v is defined in Equation (19) and M
4. R    R      4.1. Preliminaries: the sign-determined torsion of a CW-complex. We review the basic notions and results about the sign-determined Reidemeister torsion introduced by Turaev which are needed in this paper. Details can be found in Milnor's survey [Mil66] and in Turaev's monograph [Tur02] .
Torsion of a chain complex.
The torsion of C * with respect to these choices of bases is defined as follows.
Let b i be a sequence of vectors in 
where Torsion of a CW-complex. Let W be a finite CW-complex and ρ be an SL 2 (C)-representation of π 1 (W). We define the sl 2 (C) ρ -twisted chain complex of W to be
Here C * ( W; Z) is the complex of the universal cover with integer coefficients which is in fact a Z[π 1 (W)]-module (via the action of π 1 (W) on W as the covering group), and sl 2 (C) ρ denotes the Z[π 1 (W)]-module via the composition Ad • ρ, where Ad : SL 2 (C) → Aut(sl 2 (C)), A → Ad A , is the adjoint representation. The chain complex C * (W; sl 2 (C) ρ ) computes the sl 2 (C) ρ -twisted homology of W which we denote as H
n i be the set of i-dimensional cells of W. We lift them to the universal cover and we choose an arbitrary order and an arbitrary orientation for the cells ẽ 
We define the twisted (sign-refined) Reidemeister torsion of W (with respect to h * and o) to be
This definition only depends on the combinatorial class of W, the conjugacy class of ρ, the choice of h * and the homology orientation o. It is independent of the orthonormal basis B of sl 2 (C), of the choice of the liftsẽ (i) j , and of the choice of the positively oriented basis of H * (W; R). Moreover, it is independent of the order and the orientation of the cells (because they appear twice).
One can prove that TOR is invariant under cellular subdivision, homeomorphism and simple homotopy equivalences. In fact, it is precisely the sign (−1) |C * | in Equation (23) which ensures all these important invariance properties to hold.
Regularity for representations.
In this subsection, we briefly review two notions of regularity (see [Heu03] , [Por97] and [Dub06] ). In the sequel K ⊂ S 3 denotes an oriented knot.
We say that ρ ∈ R irr (Π(K); SL 2 (C)) is regular if dim H ρ 1 (E K ) = 1. This notion is invariant by conjugation and thus it is well defined for irreducible characters.
Example 3. For the trefoil knot and for the figure eight knot, one can prove that each irreducible representation of its group in SL 2 (C) is regular (see [Dub05] and [Por97] ) Note that for a regular representation ρ :
Let γ be a simple closed unoriented curve in ∂E K . Among irreducible representations we focus on the γ-regular ones. We say that an irreducible representation ρ :
(1) the inclusion ι : γ ֒→ E K induces a surjective map
It is easy to see that this notion is invariant by conjugation, thus the notion of γ-regularity is well-defined for irreducible characters. Also observe that a γ-regular representation is necessarily regular (the converse is false in general for an arbitrary curve).
Example 4. For trefoil knot, all irreducible representations of its group in SL 2 (C) are λ-regular (see [Dub05] ).
For the figure eight knot, one can prove that each irreducible representation of its group in SL 2 (C) are λ-regular except two. 14 We close this section with an important fact concerning hyperbolic knots.
Fact 12 ([Por97]). Let K be a hyperbolic knot and consider the holonomy representation
ρ 0 associated to the complete hyperbolic structure. Let γ be any simple closed curve in the boundary of E K such that ρ 0 (γ) ±1, then ρ 0 is γ-regular.
In particular, for a hyperbolic knot the holonomy representation ρ 0 is always µ-regular and λ-regular.
Applying [Por97, Proposition 3.26] to a hyperbolic knot exterior E K , we obtain that for any simple closed curve γ, irreducible and non-γ-regular characters are contained in the set of zeros of the differential of the trace-function I γ .
Remark 8. Since the trace-function I γ is a regular function on the character variety, the set of irreducible and non-γ-regular characters is discrete on the components where I γ is nonconstant.
If K is a hyperbolic knot, then the character of a complete holonomy representation is contained in a 1-dimensional irreducible component X 0 (Π(K)) of X(Π(K)), which satisfies the following condition: if a simple closed curve γ in ∂E K represents any nontrivial element of Π(K) then the trace-function I γ is nonconstant on X 0 (Π(K)) (see [Sha02, Corollary 4.5.2]). In particular, irreducible characters near the character of a complete holonomy representation are µ-regular and λ-regular.
Review on the twisted Reidemeister torsion for knot exteriors.
This subsection gives a detailed review of the constructions made in [Dub05, Section 6]. In particular, we shall explain how to construct distinguished bases for the twisted homology groups of knot exteriors. 
Canonical homology orientation of knot exteriors. We equip the exterior of K with its canonical homology orientation defined as follows (see [Tur02, Section V.3]). We have
H * (E K ; R) = H 0 (E K ; R) ⊕ H 1 (E K ; R)
How to construct natural bases for the twisted homology. Let ρ be a regular SL 2 (C)-representation of Π(K) and fix a generator
Let ρ be a λ-regular representation of Π(K). The reference generator of the first twisted homology group H
Remark 9. The generator h 
It is an invariant of knots. Moreover, if ρ 1 and ρ 2 are two λ-regular representations which have the same character then
Remark 11. The Reidemeister torsion T K λ (ρ) defined in Equation (27) is exactly the inverse of the one considered in [Dub06] .
In the following remark, we discuss sign properties of the torsion T K λ . Remark 12.
(1) The torsion T (2) Let K * denote the mirror image of K, and λ * be its preferred longitude as defined in Section 2. The character varieties of E K and E K * are same and T
Indeed, if we take the mirror image of K, then the orientation of the ambient 3-sphere is reversed, so the orientation of E K * is the opposite of the one of E K . As a consequence the generator of H ρ 2 (E K * ) defined in Equation (25) is the opposite of the one of H ρ 2 (E K ). On the other hand, the meridian µ * of K * is the inverse of the one of K whereas longitudes are same. So, the homology orientation of K * is the opposite of the one of K whereas generators of the twisted H 1 are same. As a consequence T
, for any λ-regular representation ρ. 4.4. Review on the twisted Reidemeister torsion polynomial. To compute the twisted Reidemeister torsion for twist knots, we use techniques developed by the third author in [Yam05b] . In fact, we compute a more general invariant of knots called the twisted Reidemeister torsion polynomial. It is a sort of twisted Alexander polynomial invariant (but with non-abelian twisted coefficients) whose "derivative coefficient" at t = 1 is exactly T K λ .
Definitions. Let W be a finite CW-complex. We regard Z as a multiplicative group which is generated by one variable t. Let α be a surjective homomorphism from π 1 (W) to Z = t .
If ρ is a SL 2 (C)-representation of π 1 (W), we define the sl 2 (C) ρ -twisted chain complex of W to be
The sign-defined Reidemeister torsion of W with respect to this sl 2 (C) ρ -twisted coefficients is defined to be (compare with Equation (24))
Note that TOR(W; sl 2 (C) ρ , h * , o) is -as the Alexander polynomial -determined up to a factor t m where m ∈ Z. Next we turn back to knots exteriors. From now on, we suppose that the CW-complex W is E K and that the homomorphism α : Π(K) → Z is the abelianization. From [Yam05a, Proposition 3.1.1], we know that if ρ is λ-regular, then all homology groups H * (E K ; sl 2 (C) ρ ) vanishes. So if ρ is λ-regular, then we define the twisted Reidemeister torsion polynomial at ρ to be
The torsion in Equation (28) is also determined up to a factor t m where m ∈ Z. It is also shown in [Yam05a, Theorem 3.1.2] that
. F. Waldhausen proved [Wal78] that the Whitehead group of a knot group is trivial. As a result, W K has the same simple homotopy type as E K . So, the CW-complex W K can be used to compute the twisted Reidemeister torsion polynomial (28). Therefore it is enough to consider Reidemeister torsion of the sl 2 (C) ρ -twisted chain complex C * W K ; sl 2 (C) ρ .
The twisted complex C * (W K ; sl 2 (C) ρ ) thus becomes:
Here we briefly denote the l-times direct sum of sl 2 (C) ⊗ C(t) by (sl 2 (C) ⊗ C(t)) l . In Complex (30), we have
and ∂ 2 is expressed using the Fox differential calculus and the action given by Φ = (Ad • ρ) ⊗ α:
-matrix obtained from the matrix (31) of ∂ 2 by deleting its i-th row. The torsion polynomial T K λ (ρ) defined in Equation (28) can be described, up to a factor t m (m ∈ Z), as follows (for more details see [KL99, Kit96] ):
This rational function has the first order zero at t = 1 [Yam05a, Theorem 3. 
T  R    
In this section, we compute the twisted Reidemeister torsion for twist knots. Since there exists an isomorphism between the knot groups Π(J(2, 2m + 1)) and Π(J(2, −2m)) (see Remark 2), it is enough for us to make the computation in the case of even twist knots K = J(2, 2m), m ∈ Z. The method used is the following. We will make the computation at the acyclic level, i.e. compute the torsion polynomial T K λ (ρ), and next apply [Yam05a, Theorem 3.1.2] to obtain T K λ (ρ) (see Equation (33)).
5.1. The twisted Reidemeister torsion for even twist knots. We calculate the twisted Reidemeister torsion for even twist knots J(2, 2m) where m is an integer. 5.1.1. Preliminaries. Following Section 3.2 and using Riley's method we can parametrize a non-abelian SL 2 (C)-representation ρ by two parameters u and s as follows:
where s and u satisfy Riley's equation φ J(2,2m) (s, u) = 0. Besides, the Riley polynomial for twist knots is such that:
where ξ ± are the eigenvalues of the matrix ρ(w) = ρ([y,
Statement of the result.
Notation. Let α 1 , α 2 , β 1 , β 2 , c and t m be as follows:
Remark 15. Using such notation, the Riley polynomial of the twist knot J(2, 2m) becomes:
With this notation in mind we can write down the general formula for the twisted Reidemeister torsion for twist knots.
Theorem 13. Let m be a positive integer.
(1) The Reidemeister torsion T J(2,2m) λ (ρ) satisfies the following formula:
(2) Similarly, we have
18
In that two formulas we have:
Remark 16. One can observe that T J(2,2m) λ is symmetric in ξ ± . Together with the fact that
5.1.3. Proof of Theorem 13. We make the detailed proof in the case of J(2, 2m) for m > 0. First, recall that the group of J(2, 2m) admits the following presentation (see Fact 1):
Here w is the word [y,
x. Before computations, we give an elementary and useful linear algebra lemma about trace of matrices in M 3 (C).
Lemma 14. The two following items hold:
(1) Let A be in GL(3, C). Set σ 1 (A) = tr (A) and σ 2 (A) = 1 2 tr 2 (A) − tr (A 2 ) .
We have
(2) If A = (a i, j ) 1≤i, j≤3 and B = (b i, j ) 1≤i, j≤3 are two matrices in M 3 (C), then we have
Proof.
(1) From the Cayley-Hamilton identity, we have
Multiplying this equation by − det(A) −1 A −3 , we obtain our first claim. (2) Second item follows from direct calculations.
Fox-differential calculus for 2m-twist knots. Since J(2, 2m) is a two-bridge knot, the twisted Reidemeister torsion polynomial T K λ (ρ) associated to J(2, 2m) is expressed as (see Equation (32)):
The following claim gives us the Fox-differential part in the numerator of Equation (38).
Claim 15. For m > 0, we have:
Proof of Claim 15. We have:
It is easy to see that
which gives us Equation (39).
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Let {E, H, F} be the following usual C-basis of the Lie algebra sl 2 (C):
It is easy to see that the adjoint actions of x and y in the basis {E, H, F} of sl 2 (C) are given by the following matrices:
) is given by (see Claim 15):
we finally obtain:
Observation about the "second differential" of a determinant. We can compute the twisted Reidemeister torsion for J(2, 2m) combining Equations (33) and (40) as follows:
Using the fact that det W = 1, Equation (40) gives:
If we write det(1 + Z m ) for the right hand side of Equation (41), then
Moreover, using an elementary argument in linear algebra, we can split det(1 + Z m ) as follows:
Remark 17. Observe that σ 2 (Z m ) is the trace of the matrix of cofactors of Z m .
With the "splitting" of T J(2,2m) λ (ρ) given in Equation (44) in mind, we compute separately each "second differential" of the σ i (Z m ) (i = 1, 2, 3) to obtain the twisted Reidemeister torsion of J(2, 2m).
The "second differential" of σ 3 (Z m ). We concentrate first on the σ 3 (Z m )-part of Equation (44), which is the easier term to compute and correspond to the "second differential" of σ 3 (Z m ).
Claim 16. We have:
lim
Dividing Equation (45) by (t − 1) 2 and taking the limit when t goes to 1, we thus obtain:
Note, with Equation (35) 
If we substitute the result of Claim 16 into Equation (44), we obtain
The "second differentials" of σ 1 (Z m ) and σ 2 (Z m ). We now focus on the "second differentials" of σ 1 (Z m ) and σ 2 (Z m ). If we let
then it follows from the definitions of σ 1 and σ 2 that
We use σ 1 (Z m ) and σ 2 (Z m ) instead of σ 1 (Z m ) and σ 2 (Z m ) for our calculations.
Claim 17. We have:
Proof of Claim 17. Since σ 1 (Z m ) is the trace ofZ m , the only term which remains after taking the "second differential" at t = 1 is 
.
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In tr (Z 2 m ), the following three terms are the terms which remain after taking the second differential at t = 1:
If we substitute Equations (47) & (48) of Claim 17 into Equation (46), then we obtain the following formula for T
Claim 18. The twisted Reidemeister torsion for J(2, 2m) satisfies the following formula:
More explicit descriptions. To find more explicit expression of the T J(2,2m) λ (ρ), we change our basis of sl 2 (C) in order to diagonalize the matrix ρ(w).
The SL 2 (C)-matrix ρ(w) can be diagonalized by
Explicitly, p −1 ρ(w)p is the diagonal matrix diag(ξ + , ξ − ). Set a = 1 − su − ξ + and b = 1 − su − ξ − . With respect to the basis {E, H, F} of sl 2 (C), the matrix of adjoint action of p becomes as follows:
Since we have P −1 S m (W −1 )P = S m (W −1 ), the matrix P −1 S m (W −1 )P is the following diagonal matrix
, we have the following claim. Claim 20. The following equalities hold:
Claim 19. We have
Proof of Claim 20. Using Lemma 14 and because det(X) = 1, det(Y) = 1 we have:
We obtain the above formulas by computing the traces usingX,Ỹ and S m (W −1 ) as in Claim 19.
Finally we calculate the other two terms which are of the following form: −tr (A)tr (B) + tr (AB).
Claim 21.
We have:
Proof of Claim 21. Item (1) follows from above results and Item (2) follows from Lemma 14.
Remark 18. The matricesX −1 andX −1Ỹ are described explicitly as follows. (1) For the trefoil knot 3 1 = J(2, 2), the Riley polynomial is given by φ J(2,2) (s, u) = −1 + s + s −1 − u.
The computation of the twisted Reidemeister torsion for J(2, 2) is expressed as follows. 
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The twisted Reidemeister torsion for 5 2 = J(2, 4) is expressed as follows. (3) For the figure eight knot 4 1 = J(2, −2), the Riley polynomial is given by φ J(2,−2) (s, u) = (3 − s − s −1 )(u + 1) + u 2 .
The computation of the twisted Reidemeister torsion for J(2, −2) is expressed as follows. The twisted Reidemeister torsion for J(2, −4) is expressed as follows. 5.3. Twisted Reidemeister torsion at the holonomy representation. In this section we consider the twisted Reidemeister torsion for hyperbolic twist knots at holonomy representations. Formulas of the twisted Reidemeister torsion associated to twist knots are complicated. But we see here that formulas for the twisted Reidemeister torsion at holonomy representations are simpler. Every twist knots except the trefoil knot are hyperbolic. It is well known that an exterior of a hyperbolic knot admits at most a complete hyperbolic structure and this hyperbolic structure determines the holonomy representation of the knot group (see Section 3.3). With Fact 12 in mind we know that such lifts are λ-regular representations. The SL 2 (C)-representations which lifts the holonomy representation correspond to roots of Riley's equation φ J(2,2m) (1, u) = 0. We let ρ u denote such representations.
We are now ready to give some closed formulas for the twisted Reidemeister torsion of twist knots at the holonomy representation. 
